ABSTRACT Millimeter-wave (mm-wave) communication systems can provide significantly higher throughput thanks to its larger bandwidth. However, due to the hardware cost and power consumptions, the hybrid analog/digital implementation tends to be more practical than the conventional full-digital one. In this paper, we propose a novel hybrid multiuser precoding design for the orthogonal frequency-division multiplexing (OFDM)-based broadband mm-wave systems with a fully connected structure and partial channel state information (CSI). Specifically, the joint analog/digital hybrid precoding design is first transformed into a sparse digital precoding problem with a given analog codebook and corresponding effective CSI. In addition, two approaches, i.e., subcarrier grouping and equal power allocation, are proposed to reduce the computational complexity. Finally, a limited feedback strategy via exploiting the dominant channel subspace is proposed to reduce the feedback overhead. Simulation results show that the proposed designs can achieve near-optimal performance of the considered hybrid mm-wave systems.
I. INTRODUCTION
Millimeter-wave (mmWave) communication is one of the key promising technologies in the future 5G cellular network [1] , [2] . The large bandwidth of the mmWwave band can provide gigabits/s data rate, but mmWave signals suffer from huge path loss and rain attenuation. The small wavelength of mmWave signals help mmWave MIMO precoding leverage large-scale antennas at transceivers to provide significant beamforming gains to combat the path loss and to synthesize highly directional beams. Compared with traditional large-scale multi-input multiple-output (MIMO) systems [3] , [4] , it is impractical to equip each antenna with a RF chain in mmWave MIMO systems due to the hardware constraints and power consumptions. Therefore, the digital/analog hybrid precoding architecture becomes a good option in mmWave MIMO systems to compromise the complexity of hardware and system performance.
There exists many hybrid precoding designs focusing on narrow band millimeter-wave systems with perfect or estimated channel state information (CSI) at the transmitter.
In [5] , by exploiting the inherent sparsity of mmWave channels, the low-complexity hybrid precoders were obtained with CSI at the receiver and transmitter (CSIT). In [6] , the channel estimation for multi-path mmWave channels was further investigated to improve the performance of hybrid precoding using full CSI. In [7] , an analog precoder was proposed for multiuser mmWave systems via matching the phase of each user's channel based on perfect CSIT as well. In [8] , a lowcomplexity RF-baseband hybrid precoder was proposed for the downlink multiuser mmWave system via aligning each user's dominant path with analog precoding and then suppressing the remaining user interference with digital precoding under partial CSI.
In practice, broadband is one of the unique properties of the mmWaveWave system. The broadband channels usually experience frequency selective fading. Since multi-carrier techniques such as orthogonal frequency division multiplexing (OFDM) can overcome frequency selective fading [9] , it is important to study the design of hybrid precoding in OFDM-based broadband mmWave systems. In a conventional MIMO-OFDM system with carrier frequency under 6 GHz, the digital precoding is performed for each subcarrier in the frequency domain, which can also be used in a millimeter-wave MIMO-OFDM system. In addition, the digital precoding is followed by an inverse fast Fourier transform (IFFT) operation, which combines the signals of all subcarriers together. However, since analog precoding is performed after the IFFT operation, all subcarrier signals in the millimeter-wave MIMO-OFDM system share a common analog precoder. This is different from the conventional MIMO-OFDM, which results in new design challenges.
Some recent studies have proposed several hybrid precoding designs under the mmWave frequency selective channel [10] - [13] . In [10] , a hybrid precoding design that supports only single-stream transmission was considered, where the solution relied on a co-exhaustive search of RF and baseband codebooks, resulting in high complexity. In [11] , based on the criterion of mutual information maximization, the optimal hybrid precoding design was derived with a given analog domain codebook. And the iterative solution was also given for the selection of analog codeword. The hybrid precoding for point-to-point MIMO-OFDM systems was designed using the alternating minimization method in [12] . In these methods, full CSI is assumed to be available at the transmitter or the receiver. However, in practical mmWave systems, it is generally difficult to obtain the complete CSI due to the lower pre-beamforming signal to noise ratio (SNR) and small number of RF chains [14] .
In this paper, the hybrid precoding design for fullyconnected structure is investigated in OFDM-based broadband mmWave multiuser systems with partial CSI. For such a problem, there are three main challenges, i.e., 1) the coupled power allocation for different users and subcarriers; 2) the non-convexity induced by the constraint and 3) the coupled analog precoding and digital precoding. Correspondingly, we first transform the original hybrid precoding problem into a sparse digital precoding with a given analog codebook. Then both the norm relaxation and the successive convex approximation methods are used to further simplify the hybrid precoding problem. In addition, two approaches, i.e., subcarrier grouping and subcarrier equal power setting, are used to further reduce the complexity of the complicated power allocation component in the hybrid procoding problem. Finally, we also propose an efficient limited feedback scheme where dominant channel subspace information can be available at the transmitter. Simulation results show that the proposed designs can achieve near-optimal performance of the considered hybrid mmWave systems.
Notation: Bold lowercase and uppercase letters represent column vectors and matrices, respectively. The superscripts (·) T and (·) H represent transpose and conjugate transpose operators, respectively. · F ( · 2 ), · 1 , · 0 and |·| denote the Euclidean norm, the 1 -norm, the 0 -norm and the absolute value (element-wise absolute if used with a matrix), respectively. x (i), X i,j and A (k, :) denote the i-th entry of vector x, the (i, j)-th entry of matrix X and the k-th row vector of matrix A. A ≥ 0 represents that matrix A is semidefinite positive.
II. SYSTEM MODEL AND PROBLEM FORMULATION
In this section, we present the channel model and system model of the massive multiple-input single-output (MISO) system and then formulate the problem of interest.
A. SYSTEM MODEL Consider a downlink multi-user OFDM-based mmWave multiple-input single-output (MISO) system shown in Fig. 1 , where one basestation (BS) equipped with N t antennas and S transmit RF chains serves K ≤ S single-antenna users through N subcarriers. In practice, the number of available RF chains in the mmWave system is much less than the number of antennas due to the constraint of hardware cost and power consumptions, i.e., S N t . To exploit the full potential of the mmWave system with a limited number of RF chains, the BS applies a fully-connected analog/digital hybrid architecture, where the output signal of each RF chain is sent to all the antennas through a network of phase shifters. In the OFDM-based hybrid precoding system, the BS transmitter first precodes all the K users' data symbols s [n] ∈ C K ×1 at each subcarrier n = 1, . . . , N , using an S × K digital precoding matrix G [n], and then transforms the signal to the time domain via using N -point IFFT for each RF chain. After adding a cyclic prefix (CP), the transmitter forms the transmitted signal by using an anlog precoder F RF ∈ C N t ×S . Note that the signals of all the subcarriers share one common analog precoder in mmWave OFDM-based systems due to the fact that the digital precoding is conducted before the IFFT operation, while the analog precoding is a post-IFFT processing. The transmitted signal at subcarrier n for all users can be written as
where s [n] is the K × 1 transmitted signal at subcarrier n for K users, normalized such that E s [n] s H [n] = I K . Due to the application of OFDM, a broadband channel can be divided into many sub-channels, and each sub-channel can be regarded as block-fading, thus the received baseband signal for the k-th user at subcarrier n can be expressed as
where the h k [n] ∈ C N t ×1 , k = 1, . . . , K is the frequency domain channel coefficient at subcarrier n between the BS and the k-th user. v k [n] ∼ CN 0, σ 2 , ∀k, n is the independent identically distributed (i.i.d.) additive white Gaussian noise with zero mean and σ 2 variance. Thus, the signal to interference-plus-noise ratio (SINR) of the k-th user at subcarrier n is calculated as
where
B. CHANNEL MODEL
The mmWave propagation can be well described by a clustered channel model with N cl clusters, and each cluster has a time delay and consists of N ray propagation rays. The time domain channel can be modeled as a tap, where each tap can be regarded as a contribution of one cluster. The time domain channel tap between the BS and the k-th user is given by [15] , therefore we have
where N cl is the number of taps corresponding to the scattering clusters, δ [·] is the Kroneker delta function, and the l-th tap h k,l is the sum of contributions of N ray rays in a cluster, given by
where α l,i is the complex gain of the i-th ray in the l-th cluster, and φ l,i θ l,i is the azimuth (elevation) angle departure (AoD). The N ray azimuth (elevation) angles of departure φ l,i θ l,i within the cluster l follow the Laplacian distributions with a uniformly-random mean cluster angle of φ l (θ l ) and a constant angular spread (or standard deviation) of σ φ (σ θ ), respectively. The vector a t is the array response vector at the transmitter. In particular, for a N element uniform linear array (ULA) [16] , its array response is given by
where λ is the carrier wavelength, and d is the inter-element spacing. By applying the fast Fourier transform (FFT) to the time domain tap channel, the frequency domain channel coefficient between the BS and k-th user at subcarrier n can be expressed as
In this paper, we only consider the precoding design at each subcarrier for mmWave frequency-selective channels. Moreover, each subcarrier channel can be viewed as a flat-fading channel.
C. PROBLEM FORMULATION
The main purpose of this paper is to develop the hybrid analog/digital precoding designs, which can be disintegrated into the designs of the analog and digital precoders at all subcarriers, to maximize the system sum rate (SRmax). When given a analog codebook F CB , the design of the analog precoder actually consists of codewords selected from the codebook. Therefore, the SRmax problem is formulated as max
where K and N are the sets of users and subcarriers, F CB ∈ C N t ×M is a pre-designed finite-size analog domain codebook, and the constraint F RF ∈ F CB represents that the analog precoder F RF (also RF codewords) is selected from the codebook F CB . By introducing a selection matrix F ∈ C M ×S , the constraint can be written as F RF = F CB F. Generally, we have M S. The transmit power constraint
where P is the maximum total transmit power allowed to be distributed, generally nonuniformly, among the subcarriers and users.
The above problem can be described as how to jointly optimize the design of analog domain codeword selection matrix (from a given codebook) and the digital precoders, to maximize the system sum rate under the constraint of total transmit power. Note that the optimization problem (8) is challenging due to several difficulties. They are 1) coupled power allocation for different users and subcarriers; 2) the non-convexity of RF codeword constraint and 3) the coupled analog precoding and digital precoding. For the first difficulty, allocating transmitting power over users and subcarriers is complicated since the increase of a specific user power aggravates the interference to the other users when sharing one subcarrier. Besides, the SRmax problem is a NP-hard problem when there are more than 1 user [17] .
III. OPTIMIZATION ALGORITHM DESIGN
In this section, we transform the joint optimization problem into a sparse digital one, but it is still a NP-hard problem. Therefore, we further refine the problem and give solutions for the analog/digital hybrid precoding design.
A. PRECODING TRANSFORMING
In order to solve problem (8), a sparse precoding matrices
. . , N is first introduced to convert the joint optimization problem of codeword selection and the digital precoding into a sparse digital one. The k-th column of G [n] denoted as g k [n] , k = 1, . . . , K , is at most S sparse, indicating that up to S codewords (i.e., analog beam vectors) are selected for the k-th user at the n-th subcarrier. In the OFDM based hybrid architecture, the analog precoding is shared among the users and subcarriers, which cannot be guaranteed by the S sparsity constraint of g k [n] since the non-zero positions of g k [n] , k = 1, . . . , K , n = 1, . . . , N may not be aligned to the same location. Therefore, a more restrictive constraint must be found.
Let
Take the 2 norm of each row vector of matrix G and define vec-
The elements indicate whether the corresponding codewords are selected or not, i.e., ifg (m) = 0, the m-th codeword in the codebook F CB is selected. In this way, problem (8) is reformulated as follows:
, and the SINR of the k-th user at the n-th subcarrier is given by
is the effective channel of k-th user at the n-th subcarrier. When the constraint g 0 ≤ S is activated, the zero elements ing indicate that the corresponding row in matrix G are zero vectors, which guarantees the BS to select no more than S codewords.
The original joint optimization problem of codeword selection and digital precoding is now transformed into a sparse digital precoding one. It should be noted here that solving problem (9) requires the codebook-sized effective channel instead of the full CSI, which is more practical in applications. In the training stage, the BS carries out the beam scanning training using these codewords, and then the users obtain the CSI equivalent channels through the limited feedback link.
B. PRECODING DESIGN
Problem (9) remains challenging for not settling the difficulties mentioned above. By introducing auxiliary variables α kn , β kn , φ kn , ∀k, n, which satisfy the inequality,
, the problem can be rewritten as
It can be easily proved that the constraints (11b), (11c) and (11d) are activated at the optimal solution. We can achieve the desired sparsity by introducing the penalty factor λ > 0 and put the constraint g 0 ≤ S in the objective function. The objective function can be further written as
Where λ balances the trade off between maximizing the system SR and minimizing the number of the selected codewords. A larger λ may lead to a sparser solution, so a proper λ can be found to satisfy the constraint g 0 ≤ S. It is easy to see that the classical one-dimension search method, such as the bisection method, can be used to find the proper value of λ for SRmax problem. Note that the inequality constraints in (11c) and the 0 -norm in constraint (11f) are nonconvex, making the problem difficult to handle with. Thus, we exploit the successive convex approximation (SCA) method, which was proposed in [18] to solve the problem of weighted sum rate maximization (WSRM). kn as the optimal variables of g k [n] and φ kn after the I -th step of the iterative procedure, the convex low boundary of
For clarity, we denote
, φ kn is an affine function. Then, by approximating with the above convex lower boundary at iteration I , constraints (11c) can be approximated as a convex constraint given by
In order to solve the nonconvex of the 0 -norm, a 1 -norm is used as the convex approximation, and the 1 -norm of g is defined as g 1 = M m=1 |g (m)|. Then by introducing the auxiliary variables t m , s, ∀m, the problem (11) can be approximately transformed as
where the variable t m is used to indicate whether the m-th codeword is selected or not. If t m < τ (τ is a very small positive number), the m-th codeword will not be selected as the analog beam vector. After the 1 -norm relaxation and the SCA method approximation, problem (9) is converted into a convex optimization one (15) .
We can obtain the sparse precoder solution denoted as g * k [n] , ∀k, n by solving the above problem. The non-zero row indicates the selection of the correspondent codeword from the codebook. Due to the use of 1 -norm as the convex approximation of the constraint g 0 ≤ S, the digital precoder g k [n] , ∀k, n in the original problem may not be directly obtained from the sparse precoder g k [n] , ∀k, n. LetF RF be the analog precoding matrix composed of the L * codewords selected from the codebook
is the equivalent channel corresponding to the L * codewords at subcarrier n. The digital precoding is obtained by solving the SRmax problem using SCA method in the size-reduced equivalent channel, as shown below
In problem (15) , the number of optimization variables is proportional to the number of subcarriers N . A large N can result in a rather computational complexity when solving the optimization problem. Here, we proposed two approaches to reduce the computational complexity.
Approach 1:
The channels at each subcarrier have similar space characteristics, and so does the effective channels. Therefore, the effective channels on the adjacent subcarriers can be integrated into one group and we assume to divide the effective channels into L groups. Choose one effective channel from each group, we get L effective channels for each user to optimize the problem (15) . In this way, the complexity is reduced by N /L times. The simulation results show that the system has no performance loss when given a appropriate number of groups L. The problem is restated as
where L is the set of subcarriers chosen from L groups. Since the subcarriers are chosen randomly and uniformly from each group, we can assume that the maximum power of L subcarriers equals to PL/N . After obtaining the analog precoder, the digital precoders on L subcarriers can be achieved by solving the following problem.
Note that the subcarriers in one group share the same digital precoder, therefore the algorithm can be summarized in Algorithm 1.
Algorithm 1 Hybrid Precoding Design Using Subcarriers Grouping
Divide the subcarriers into L groups and choose one subcarrier from each of them. 2: Let λ = λ max , flag = 1, initialize the varables set . 3: while flag do 4: Solve problem (17) using SCA method, obtain . Obtain F RF and solve problem (18) 
, ∀l ∈ L is shared among subcarriers in the same group and set flag = 0.
11:
end 12: λ = (λ min + λ max )/2 13: end while Note that is the set of variables g k [l], α kl , β kl , φ kl , t m , s , and S * is the number of the selected codewords.
Approach 2: In a multi-user OFDM system, the signals sent to different users are more likely to experience independent fading due to the users on different locations. The performance of distributing the total power equally over the subcarriers is generally close to the performance of total power constraint [11] . Thus, problem (16) is decoupled into the optimization problems on each subcarrier, resulting in the reduction of computing complexity and the realization of execution in parallel. The decoupled digital precoding optimization problem on subcarrier n (n = 0, 1, . . . , N − 1) can be written as
The simulation has shown that the performance under the equal power distribution on each subcarrier is very close to the performance under the total power constraint. The algorithm is summarized in Algorithm 2. Solve problem (17) and obtain .
Algorithm 2 Hybrid Precoding Design with Equal Power

5:
if t m > τ then Select the m-th codeword.
6: if S * < S then λ min = λ.
7:
if S * > S then λ max = λ.
8:
if S * = S then 9: Obtain F RF , solve problem (19) to obtain g n [n] , ∀n ∈ N and set flag = 0. 
IV. LIMITED FEEDBACK DESIGN
This section focuses on the limited feedback design. The space characteristic of the frequency selective channel is first illustrated, based on which the limited feedback and a complexity reduction algorithm are proposed to support the complement of the hybrid precoding design.
A. SPACE CHARACTERISTICS OF FREQUENCY SELECTIVE CHANNEL
We consider a two-dimensional frequency selective MIMO channel, which can be expressed as [19] , the spatial domain (or angular domain) of the MIMO channel can be expressed as
For ULAs, U r ∈ C N r ×N r and U t ∈ C N t ×N t are DFT matrices. In the OFDM system, the time domain channels can be converted into parallel channels in frequency domain on each subcarrier expressed as
where N is the number of subcarriers, then the spatial domain channel corresponding to the MIMO channel on each subcarrier is written as
It is clear that mmWave channel exhibits multi-path sparsity at each subcarrier due to the limited scattering properties of the mmWave signals.
B. LIMITED FEEDBACK
In the previous optimization problem (15) , the BS needs to obtain the effective channels of each user on each subcarrier to perform a hybrid precoding design. The effective channel of the k-th user on all subcarriers can be written as
where H k is a M ×N matrix. When M or N is large, the direct feedback of the effective channel matrix will bring huge feedback overhead and thus degrade the system performance. Since the codewords in the analog domain codebook are generally distinguishable in space, the effective channel obtained by the user is similar to the mmWave spatial domain channel with sparsity. If the codebook is DFT matrix, the effective channels are actually the space domain channels. Besides, the effective channels have a strong correlation, thus making the rank of H k relatively small. The singular value decomposition (SVD) of H k is given by
where U and V are composed of the left and right singular vectors of H k with the rank of r. is a diagonal matrix with singular values of H k and r = diag (σ 1 , . . . , σ r ). Matrices U r = [u 1 , . . . , u r ] and V r = [v 1 , . . . , v r ] are composed of the first r columns of U and V. In the feedback stage, the user performs SVD on the effective channel, and then feedbacks the U r , V r and the nonzero singular values to the base station. Since r is small, the feedback overhead can be greatly reduced. In order to further reduce the amount of feedback, we exploit the dominant channel subspace, which makes sense due to the fact that the ideal mmWave channel is sparse and there exist small singular values induced by noise. A method of setting a threshold for the singular values is considered to balance the tradeoff between feedback overhead and the system performance. The threshold is given by
where α and σ i are the factor and the i-th largest singular value.
r i=1 σ i represents the total power of the effective channel. The singular values equal or greater than the threshold T will be fed back as well as their corresponding left and right singular vectors. It means that the system feedbacks the elements which can well reconstruct the effective channel with less feedback overhead. In addition, since the singular vectors are orthogonal to each other, further compression feedback can be done by Givens transform. The details of Givens transform and quantization can be found in [20] , and we present the results below
where equations (26), (27) and (28) represent the amplitude, phase and Givens transform angle quantization with B amp , B φ and B ψ quantization bit numbers respectively. Since the Givens transform angle ψ is only quantified in a range from 0 to π/2, the number of quantization bits B ψ is less than B φ by 2 bits.
V. SIMULATION RESULTS
In this section, we validate the simulation results and evaluate the performance of the proposed algorithm compared with the Gram-Schmidt hybrid precoding algorithm in [11] (hereinafter referred to as GS-HP algorithm) and the orthogonal matching pursuit (OMP) method in [5] . The GS-HP algorithm designed for the point-to-point mmWave MIMO-OFDM system is a greedy algorithm that selects the analog domain codewords using Gram-Schmidt orthogonalization. To facilitate the comparison with GS-HP performance, we consider two ways of comparisons: 1) the cooperation, and 2) the noncooperation among users. In the former situation, the multi-user MISO system can be seen as a point-to-point MIMO system. While in the latter one, the codeword selection is conducted by the GS-HP algorithm, and the digital precoding is designed using the algorithm proposed in this paper. The OMP method proposed in [5] was also for the mmWave point-to-point MIMO system, thus the OMP algorithm needs to be modified slightly for comparison, that is, the precoding of fully digital MIMO is used as the optimal precoder, with array steering vectors corresponding to the departure angles of all users used as the codebook. It should be noted that both GS-HP and OMP algorithms require full CSI, while the algorithm proposed in this paper only requires finite size effective channel information. At this point, the proposed algorithm is more achievable in practice.
We adopt the OFDM based digital/analog hybrid architecture for multi users illustrated in Fig. 1 , where there are K = 4 users, N = 64 subcarriers and S = 6 RF chains whose shifters are assumed to have only quantized phases. A uniform linear array is applied with N t = 32 antennas and the antenna spacing of λ/2. The predesigned codebook F CB is set to be the DFT matrix that consists of M = 32 codewords. The number of clusters N cl and the number of propagation rays N ray follows the uniform integer distribution over [3, 5] and [8, 10] respectively. For the sake of simplicity, all clusters are of equal power, i.e. α 2 l,i = 1. The mean cluster angle of φ l is uniformly distributed over [−π, π] , and the constant angular spread σ φ is 7.5 o . Fig. 2 shows the sum rate performance comparison of different hybrid precoding optimization algorithms in the OFDM-based mmWave broadband systems. It can be seen that the GS-HP algorithm considering user collaboration is slightly better than the proposed algorithm at both high and low signal to noise ratio (SNR) regions and is comparable in the middle SNR region. When no collaboration between users is considered, the proposed algorithm achieves better performance than the GS-HP, showing that the codeword selection algorithm proposed in this paper is better than that in the GS-HP algorithm. In addition, the proposed algorithm outperforms the OMP algorithm especially at the high SNR region. Fig. 4 show the sum rate performance and the feedback overhead of the proposed algorithm with limited feedback, respectively. We can see from both figures, the sum rate and feedback overhead increase with the decrease of factor α. A small factor α corresponds to a small threshold T , then the system feedback more channel information, which improve the performance and brings about a larger amount of feedback overhead. When the factor α is less than 0.030, the threshold approaches to 0. Thus all nonzero singular values in H k are all fed back that there exists almost no performance loss. When set α to 0.14, the feedback load per user is 2.48 less than that of the total feedback by 1.2. It indicates that the spatial freedom degree of the system will be reduced by 1.2 and results in much more performance deterioration. Therefore, selecting a appropriate factor α is the key to balancing the tradeoff between the feedback overhead and the performance. 6 shows the sum rate performance of the proposed hybrid precoding design and complexity reduction algorithms. The figure reveals that the proposed reduction algorithm using subcarriers grouping has almost the same performance with the proposed hybrid precoding algorithm without complexity reduction, which shows they select the same analog domain codewords and also verify the similar space characteristics in the adjacent subcarrier channels.
Besides, the performance under equal power distribution on each subcarrier is very close to the performance under total power constraint. Consequently, we can achieve the comparable performance while reducing the computational complexity by subcarriers grouping or equal power allocation.
VI. CONCLUSIONS
In this paper, we considered the hybrid precoding design in OFDM-based broadband mmWave multiuser systems aiming at the sum-rate maximization with a given analog codebook. By introducing the sparse precoding matrices, the joint optimization problem was reformulated as a sparse digital precoding one that can be solved via norm relaxation and successive convex approximation. We further proposed two approaches to reduce the complexity of joint user and subcarrier power allocation. Finally, an efficient limited feedback design was developed for the acquisition of CSI at the transmitter. Simulation results illustrated that the above proposed designs can achieve near-optimal performance of the hybrid mmWave systems.
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